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An Exact Solution of BPS Junctions and Its Properties 

Kenji Ito, Masashi Naganuma, Hodaka Oda* and Norisuke Sakai^ 

Department of Physics, Tokyo Institute of Technology, 
Oh-okayama, Meguro, Tokyo 152-8551, Japan 

We have obtained an exact solution for the BPS domain wall junction for a N = 1 supersymmetric theory 
in four dimensions and studied its properties. The model is a simplified version of the M = 2 SU{2) gauge 
theory with Nf = 1 broken to J\f = 1 by the mass of the adjoint chiral superfield. We define mode equations 
and demonstrate explicitly that fermion and boson with the same mass have to come in pairs except massless 
modes. We work out explicitly massless Nambu-Goldstone (NG) modes on the BPS domain wall junction. We 
find that their wave functions extend along the wall to infinity (not localized) and are not normalizable. It is 
argued that this feature is a generic phenomenon of NG modes on domain wall junctions in the bulk flat space 
in any dimensions. NG fermions exhibit a chiral structure in accordance with unitary representations of (1, 0) 
supersymmetry algebra where fermion and boson with the same mass come in pairs except massless modes which 
can appear singly. More detailed exposition of our results can be found in Refs.[h[, pi. 



1. Introduction 

For sometime much attention has been paid 
to topological objects. Recently an interesting 
idea has been advocated to regard our world as 
a domain wall embedded in higher dimensional 
spacetime ||. In this "brane world" scenario, 
our four-dimensional space-time on these topo- 
logical objects is embedded in higher dimensional 
space-time. Most of the particles in the standard 
model should be realized as modes localized on 
the wall. Phenomenological implications of the 
idea have been extensively studied from many as- 
pects. Another fascinating possibility has also 
been proposed to consider walls in the bulk space- 
time with a negative cosmological constant Q. 

Supersymmetry has been useful to achieve sta- 
bility of solitonic solutions such as domain walls. 
Domain walls in supersymmetric theories can sat- 
urate the Bogomol'nyi bound and is called a BPS 
state||. It has also been noted that these BPS 
states possess a topological charge which becomes 
a central charge Z of the supersymmetry algebra 
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UjQ. Thanks to the topological charge, these 
BPS states are guaranteed to be stable under ar- 
bitrary local fluctuations. The modes on the do- 
main wall background have been worked out and 
are found to contain fermions and/or bosons lo- 
calized on the wall in many cases px|] , JTl| . 

By interpolating two discrete degenerate vacua 
in separate regions of space, we obtain a domain 
wallji^t,]!^]. These walls are typically codimen- 
sion one and breaks half of the supersymmetry 
which is called a 1/2 BPS state. If we have 
three or more discrete vacua in separate regions 
of space, segments of domain walls can meet at 
a one-dimensional junction and there arises a do- 
main wall junction. The domain wall junction 
typically can preserve 1 /4 of supersymmetry and 
is called a 1/4 BPS state. 

In this report we summarize our recent results 
on the first exact solution of BPS domain wall 
junction in a supersymmetric gauge theoryjlj and 
the detailed study of its properties [||. 

2. BPS equations and (1,0) SUSY 

2.1. BPS equations 

If the translational invariance is broken as is 
the case for domain walls and/or junctions, the 
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TV = 1 superalgebra in general receives contri- 
butions from central charges The 
anti-commutator between two left-handed super- 
charges has central charges Z^, k = 1,2,3 



{Qa,Q/3} = 2i( t 7 fc CT°) a Te 7 ^Z fc . 



(1) 



The four dimensional indices are denoted by 
Greek letters (i, v = 0, 1, 2, 3 instead of roman let- 
ters m, n. The anti-commutator between left- and 
right-handed supercharges receives a contribution 
from central charges Y k , k — 1,2,3 besides the 
energy-momentum four- vector P**, fi = 0, • • • , 3 
of the system 



{Q a ,Q & } = 2(a^.P li + a k aA Y k ) 



(2) 



One may call Z k and Y k as (1,0) and (1/2, 1/2) 
central charges in accordance with the transfor- 
mation properties under the Lorentz group. Cen- 
tral charges, Z k and Y k , come from the total di- 
vergence, and they are non-vanishing when there 
are nontrivial differences in asymptotic behavior 
of fields in different region of spatial infinity as 
is the case of domain walls and junctions ||,|9). 
Therefore these charges are topological in the 
sense that they are determined completely by the 
boundary conditions at infinity. For instance, we 
can take a general Wess-Zumino model with an 
arbitrary number of chiral superfields an arbi- 
trary superpotential W and an arbitrary Kahler 
potential K(¥,$* j ) 



C = / d 2 9d 2 6K{<5>\<5>* j y 



d 2 9W(& 



and compute the anticommutators (0), (g) to find 
the central charges. The contributions to these 
central charges from bosonic components of chiral 
superfields are given by(|] 



d 3 xd k W*(A* 



J d 3 xK ij .d n (A*jd m A i 



(4) 



(5) 



where e 123 = 1, and A 1 is the scalar compo- 
nent of the i-th chiral superfield <I> 1 and Kij* = 
d 2 K(A*,A)/dA l dA*i is the Kahler metric. 

BPS domain wall is a 1/2 BPS state@ and 
BPS domain wall junction is a 1/4 BPS state 



To find the BPS equations satisfied by 
these BPS states, we consider a hermitian linear 
combination of operators Q and Q with an ar- 
bitrary complex two-vector P a and its complex 
conjugate /3 a = (/3 a )* as coefficients 



K = [3 a Q a + p & l 



(0) 



We treat (3 a as c-numbers rather than the Grass- 
mann numbers. Since K is hermitian, the expec- 
tation value of the square of K over any state is 
non-negative definite 



(S\K 2 \S) > 0. 



(7) 



The field configuration of static junction must be 
at least two-dimensional. If we assume, for sim- 
plicity, that it depends on x , x 2 then we obtain 
(Z 3 ) = (Yi) = (Y 2 ) = from Eqs.%) and (g), and 
the equality holds if and only if the linear com- 
bination of supercharges, K, is preserved by the 
state 15*) 



K\S) = 0. 



(8) 



In this case, the state 15) saturates the energy 
bound and is called a BPS state. We find that 
there are two candidates for the saturation of the 
energy bound §; 



H = H 1 = \(-iZi - Z 2 )\ - (Y 3 ), 

when ft = P \f z \ + + Z z % , and [i 2 = ft = 0, 



.(3) H = H Il = \{iZ 1 -Z 2 )\ + {Y 3 ), 



(9) 



(10) 



0and/3W <:Sig> . 



when ft = ft 

In the case of H\ ^ Hn, the BPS bound be- 
comes (H) > maxjiJi, Hu}. If H\ > Hu, then su- 
persymmetry can only be preserved at (H) = H\ 
and the only one combination of supercharges is 
conserved 



Qi 



(iZi + Z 2 ) 



(H) = Hi) = 0. 



(11) 



If Hu > Hi, then supersymmetry can only be 
preserved at (H) = Hu and the only one combi- 
nation of supercharges is conserved 



-iZi 



\(-iZ 1 + Z 2 ) 



Q i )\(H)=H u )=0. (12) 
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In the case of Hi = Hu, two candidates of BPS 
bounds coincide and BPS state conserves both of 
two supercharges, ( |Tl| ) and (|l2|); this is a 1/2 BPS 
state. 

For the general Wess-Zumino model in Eq.(p|), 
the condition of supercharge conservation (11) 
for H = Hi applied to chiral superfield <f> 4 = 
[A 1 , tp % , F l ) gives after eliminating the auxiliary 
field F i 



^dA l 

dz 



, dW* 



(13) 



and 
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where 0+ = i{-iZ{ + Z*) /\{-iZ{ + Z* 
complex coordinates z = x 1 + ix 2 , z — x 1 — it 
and the inverse of the Kahler metric K~ x% i are 
introduced. We can also consider gauge interac- 
tions where we should use covariant derivative in- 
stead of ordinary derivative. Moreover the same 
BPS condition ( |TT| ) applied to vector superfield 
in the Wess-Zumino gauge V = (v^,X,D) gives 
after eliminating the auxiliary field D 



Vl2 



-D 



(14) 



and v 03 = 0,v Q1 = v 31 ,v 23 = -«02, where = 
d^Vu — dyV^ and ej is the charge of the field AK 
Here we assume for simplicity the minimal kinetic 



term both for the chiral superfield K,, 



i.i * 



and 



for the vector superfield. 

Similarly the condition of supercharge conser- 
vation ( [l2] ) for H — Hu applied to chiral super- 
field in the Wess-Zumino model gives after elimi- 
nating the auxiliary field 



2^ = -n^ = ^K--r^l 

dz 8A*i 



(15) 



with = i(-iZ* - Z*)/\(-iZ* - Z*)\ . If 
U(l) gauge interaction is present, the deriva- 
tive OA 1 /dz should be replaced by the covariant 
derivative V z A l = j(V\ — iD 2 )A % . In this case 
the BPS condition applied to [/(l) vector super- 
field in the Wess-Zumino gauge becomes in the 
case of minimal kinetic terms 



V\2 



(16) 



and V03 = 0. ^01 



2.2. The exact solution of BPS domain wall 
junction 

In ref. §, we have found an exact solution of 
BPS domain wall junction in a model motivated 
by the M = 2 supersymmetric SU(2) gauge the- 
ory with one flavor broken to M = 1 by the mass 
of the adjoint chiral superfield. This model has 
the following chiral superfields with the charge 
assignment for the U(l) x U(l)' gauge group 

M M V V Q Q T 
U(l) 1-11-10 (17) 
U(l)' 1 -1 1 -1 0, 

interacting with a superpotential 

W = (T-A)MM+(T+A)VV+(T-m)QQ-h 2 T, 

where parameters A and h can be made real pos- 
itive and a parameter m is complex]!]]. In this 
model there are three discrete vacua, 

T = A, M=M=h, Q = Q = V = V = 0, 
T = m, Q = Q = h,M = M = T> = T> = 0, 
T = -A,V = V = h,Q=Q = M= M=0, 

which are called vacuum 1, 2, and 3 with Wi = 
—h 2 A, W2 = —h 2 m and W 3 = h 2 A respectively. 
When m = i\^3A, this model becomes Z 3 sym- 
metric. Thus three half walls are expected to con- 
nect at the junction with relative angles of 27r/3. 
For definiteness, we specify the boundary condi- 
tion where the wall 1 extends along the negative 
x 2 axis separating the vacuum 1 (a; 1 > 0) and 3 
(a; 1 < 0). If we have only the wall 1, we obtain the 
central charge Zk (vanishing Yfe) and find the two 
conserved supercharges from Eqs.(|i"l|) and ( |l2| ) as 

Q {1) = -^(e-^Q2 + e^Q 2 ), (18) 

Q< 2 ' = -L^fQi + e-^Qi). (19) 

The other two walls have also two conserved su- 
percharges : at wall 2, 



-^31,^23 = V 2 



Q(3) = J_ ( e -iftQ 1+e i^Q.) 

besides and at wall 3, 



(20) 



(21) 
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besides When these three half walls co- 

exist, we can have only one common conserved 
supercharge In fact we find that the do- 

main wall junction configuration conserves pre- 
cisely this single combination of supercharges, 
even though it has also another central charge 
Yfe contributing. Correspondingly we obtain the 
BPS equations @ and © for H = H n with 
= -1. The BPS equations (|l|) for the vec- 
tor superfield can be trivially satisfied by = 
and D = 0. The BPS equations (^) for chiral 
superfields become in this case 



t dA* 

dz 



dW* 
"dA* 1 



(22) 



assuming the minimal kinetic term. The solution 
for these BPS equations is given bypj, 



M(z, z) 
V{z,z) 
Q(z,z) 
T(z,z) 



M{z,z) 

V(z,z) = 

Q{z,z) = 
2A e-'i 



\/2~As 
s + t + u 
V2At 
s + 1 + u ' 

s + t + u' 



(23) 



V3 



s + 1 + u 



V3 



A. 



where s 
Re ( 



e'« 1 



exp 
and u 



f = exp 



^ARe (e l ^z 

:p [^ARe (e 

This model is motivated by the softly broken 
TV = 2 SU(2) gauge theory with one flavor. How- 
ever, we can simplify the model without spoiling 
the solvability to obtain a Wess-Zumino model 
consisting of purely chiral superfields by the fol- 
lowing procedure. The vector superfields actually 
serve to constrain chiral superfields to have the 
identical magnitude pairwise through D = to 
satisfy the BPS equation (|l(]) for vector super- 
fields: \M\ = \M\,\V\ = \V\,\Q\ = \Q\. There- 
fore we can eliminate the vector superfields and 
reduce the number of chiral superfields by identi- 
fying pairwise M = M,f> = Q=Q 

2.3. Unitary representations of (1, 0) super- 
symmetry algebra 

Let us examine states on the background of a 
domain wall junction from the point of view of 



surviving symmetry. In the case of the BPS states 
satisfying the BPS equation ( |l5|) corresponding 
to H = Hn, we have only one surviving super- 
symmetry charge two translation generators 
H,P 3 , and one Lorentz generator J 03 , out of the 
TV = 1 four dimensional super Poincare genera- 
tors. Since we are interested in excitation modes 
on the background of the domain wall junction, 
we define the hamiltonian H' = H — (H) mea- 
sured from the energy (H) of the background con- 
figuration. By projecting from the supersymme- 
try algebra ([!]), (|J) with central charges in four 
dimensions, we immediately find 



Q«) = H'-P 3 



(24) 

We also obtain the Poincare algebra in 1 + 1 di- 
mensions 



[J<x,QW] = lQV, 



J 03 ,H'tP ] = i{H'tP )■ 



Other commutation relations vanishes trivially. 
Together they form the (1,0) supersymmetry al- 
gebra on the domain wall junction as antici- 
pated!]. 

To obtain unitary representations, we can di- 
agonalize H' and P 3 

H'\E,p 3 ) = E\E,p 3 ), P 3 \E,p 3 } = P 3 \E,p 3 }, (25) 

with E > \p 3 \ and combine them by means of 
QW. If E - p 3 > 0, we can construct bosonic 
state from fermionic state and vice versa by 
operating on the states (\B),\F)), \B) = 

QM\F)/y/E=j? and \F) = Q (1 ^\B)/^E^, 
obtaining a doublet representation. If E—p 3 = 0, 
operating by on the state gives an unphysical 
zero norm state 

QW\E,p 3 )\ 2 = (E,p 3 \H' - P 3 \E,p 3 ) =0. (26) 

Then the massless right- moving state \E,p 3 = E) 
is a singlet representation. This singlet state 
can either be boson or fermion. Thus we find 
that there are only two types of representa- 
tions of the (1,0) supersymmetry algebra, dou- 
blet and singlet. We also find that massive modes 
should appear in pairs of boson and fermion, 
whereas the massless right-moving mode can ap- 
pear singly without accompanying a state with 
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opposite statistics. This provides an interesting 
possibility of a chiral structure for fermions. 

If another BPS equation ([[3]) corresponding to 
H = Hi is satisfied instead of Eq. ([l^) , we have 
(0, 1) supersymmetry and the left-moving mass- 
less states can appear as singlets. 

3. Nambu-Goldstone and other modes on 
the junction 

3.1. Mode equation on the junction 

Since the vector superfields have no nontriv- 
ial field configurations, Nambu-Goldstone modes 
have no component of vector superfield. More- 
over we can replace our model, if we wish, by 
another model with purely chiral superfields with- 
out spoiling the essential features including the 
solvability. Consequently we shall neglect vec- 
tor superfields and consider the general Wess- 
Zumino model in Eq.(|3|) in the following. For 
simplicity we assume the minimal kinetic term 
here Kij* = Sij* . 

Let us consider quantum fluctuations A n ,i[> 1 
around a classical solution A l cl which satisfies the 



BPS equations @ and @ for H = Hi or ^ 
and ( |l6| ) for H = H\\. The linearized equation 
for fermions is given by 

d 2 W 



dA«8A*J 
d 2 W 



i,' 3 = 



0. 



(27) 



(28) 



To separate variables for fermion equations, it is 
more convenient to use a gamma matrix repre- 
sentation where direct product structure of 2 x 2 
matrices for (x°,x 3 ) and (a; 1 ,^ 2 ) space is mani- 
fest. Transforming from such a representation to 
the Weyl representation which we are using, we 
can define the fermionic modes ?/^ Q , i/)^ combin- 
ing components of left-handed and right-handed 
spinors by means of the following operators 

d 2 W 



dA\ 

-i (di - 



d 2 W 



dA^dA^ 

-i {-di - id 2 ) 8) 



d 2 W 
dA\dA\ 

ci Cl 

-i (di - id 2 ) 6* 

d 2 W* 
8A*JdA*J 



(29) 



(30) 



o 2 



i>L 2 



vm 



(2) 



r n2 



(31) 
(32) 



where the mass eigenvalues mj, 1 , mj? are real. 
Please note a peculiar combination of left- and 
right-handed spinor components to define eigen- 
functions. We can expand "0 1 in terms of these 
mode functions 



^{x\x\x 2 ,x 3 )= 



E 



b n (x° , x 3 )ipj nl (x 1 , x 2 ) i 
c n (x°,x 3 )r n2 (x\x 2 ) H j 



Since (/'(a; ,! 1 ,! 2 ,! 3 ) is a Majorana spinor, the 
coefficient fermionic fields 6„, c n are real. The lin- 



earized equations (27) fl28| ) for the fermion gives 
a Dirac equation in 1 + 1 dimensions for the co- 
efficient fermionic fields <p n = (c n ,ib n ) with two 

i. (1) (2) 

mass parameters m n , m n 



Pa 



,(2)- 



P3 



4>n = 0, (34) 



where we use Pauli matrices p a , a = 1,2,3 to 
construct the 2x2 gamma matrices in 1 + 1 di- 
mensions (7°,7 1 ) = (pi,ip 2 ). Since we have a 
Majorana spinor in 1 + 1 dimensions which does 
not allow chiral rotations, we have two distinct 
real mass parameters m£\m,n . 

Similarly we retain the part of the Lagrangian 
quadratic in fluctuations and eliminate the aux- 
iliary fields F l to obtain the linearized equation 
for the scalar fluctuations, A' 1 = A 1 — At, , 



d^A 1 * 1 



d 3 W 



d 2 W 



d 2 W* 



3A\dA k c , dA**dA* 



rA '*j 



dW* 



dAl,dA k c ,dAi, dA*f 



A' j = 0. 



(35) 



In order to separate variables in x°, x 3 and a; 1 , a; 2 
we have to define mode equations on the back- 
ground which has a nontrivial dependence in 



A'^(x 1 , x 2 ) can easily be defined in terms of a dif- 
ferential operator Ob in x , x 2 space 



O 



B 3 



A 1 * 3 

n 

A' 3 



Mi 



A'* i 
A'i 



(36) 
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where the eigenvalue M 2 has to be real from Ma- 
jorana condition. The quantum fluctuation for 
scalar can be expanded in terms of these mode 
functions to obtain a real scalar field equation 
with the mass M n for the coefficient bosonic field 

Q>n i^X , X ) j 

A H (x° , x 1 , x 2 , x 3 ) = a n (x° , x 3 )A'* (x 1 , x 2 ) (37) 

n 

{d 2 - d 2 + Ml) a n (x°, x 3 ) = 0. (38) 

To relate the mass eigenvalues of fermions and 
bosons, let us multiply two differential operators 
for fermions Oi to 0\. In this ordering, we can 
use the BPS equation ( |l5| ) corresponding to H = 
Hn to find the differential operator for bosons Ob 

0\ k O k xi = UO Bj U~\ (39) 



u 



e * 



ft: 











(40) 



Therefore the BPS equation ( |l5| ) corresponding 
to H — Hu guarantees that the existence of a 
solution ■if; 1 * , ip l n2 of fermionic mode equations im- 
plies the existence of a solution of bosonic mode 
equations with the mass squared M 2 = mn^nin^ 

A'» = e-^QTJ^, Ai = 6^01^2- (41) 

If another BPS equation (|l^) corresponding to 
H = Hi is valid, operator multiplication with dif- 
ferent ordering gives the same bosonic operator 
whose rows and columns are interchanged 



n k ■ 



u' 



u'o Bj u' 

e 



(42) 
(43) 



e^ifll 

Therefore the BPS equation ( |l3| ) corresponding 
to H — H\ guarantees that the existence of a so- 
lution , ip t2 ,tp' l nl of fermionic mode equations im- 
plies the existence of a solution of bosonic mode 
equations with the mass squared M% = m^rTiff 

AT = -e^Q-^, K = e"^4<i- ( 44 ) 
Therefore we find that all massive states come 
in pairs of boson and fermion with the same mass 
squared M 2 = mn^m^ in accordance with the 
result of the unitary representation of the (1,0) 
supersymmetry algebra. 



3.2. Nambu-Goldstone modes 

Since we are usually most interested in a low 
energy effective field theory, we wish to study 
massless modes here. If global continuous sym- 
metries are broken spontaneously, there occur 
associated massless modes which are called the 
Nambu-Goldstone modes. To find the wave func- 
tions of the Nambu-Goldstone modes, we perform 
the associated global transformations and evalu- 
ate the transformed configuration by substituting 
the classical field. For supersymmetry we obtain 
nontrivial wave function by substituting the clas- 
sical field A^x 1 , x 2 ) and F^[x l , x 2 ) to the trans- 
formation of fermions by a Grassmann parame- 
ter £, since classical field configuration of fermion 
vanishes ipli — 

Stf* = iV2>£9 M A* cl + (45) 

If the BPS equation ( |l5| ) for the junction back- 
ground is valid, we obtain 

6^ = (46) 

V2 [(ia^ - WOdiA^ + (ia 2 Z + ifi* 4i] 

We see that there is one conserved direction in 
the Grassmann parameter: 

ia 1 ^ = n* £ and a 2 l = -ft* f. (47) 

The other three real Grassmann parameters £ cor- 
respond to broken supercharges. For our exact 
solution, for instance, we find it convenient to 
choose the three broken supercharges as the fol- 
lowing real supercharges 



t/4, 



On = -^(^""Qi 



t/4 



Q 2 ), 



ztt/4 



Oi), 



(48) 
(49) 
(50) 



g m = -i=(e"/ 4 g 1 + e-"/ 4 g i ). 

Then the corresponding massless mode functions 
are given by 

4 l) \x\x 2 ) = ( 2^(^2)^/4 ). (52) 
4 ll) \x\x 2 ) = ( 2d2Ali{ J jX 2y,/4 )• (53) 
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Since the transformation parameter should cor- 
respond to the Nambu-Goldstone field with 
zero momentum and energy, the three trans- 
formation parameters £ should be promoted 
to three real fermionic fields in x°,x 3 space, 
b i o ) (x ,x 3 ),4 I \x°,x 3 ), and c$ n) (x°, x 3 ), to ob- 
tain the Nambu-Goldstone component of the 
mode expansion 

^(x°, x\ x 2 , x 3 ) = &W (x°, x 3 )^ )l (x\x 2 ) 

+cf\x\x 3 )^ l) \x\x 2 ) 

+c^\x ,x 3 )^ n) \x\x 2 ) 

V ( bn ( x °J x l^U( x ]> x2 J\ (54) 



4- ' V Cnix ^ 3 )^^ 1 ^ 2 ) 
n>0 y 



We have explicitly displayed three massless 
Nambu-Goldstone fermion components distin- 
guishing from the massive ones (n > 0). The 
Dirac equation for the coefficient fermionic fields 
(|i|) shows that b^ ^x — x 3 ) is a right-moving 
massless mode, and Cq 11 ^ + x 3 ), and Cg HI ^(a; + 
a; 3 ) are left-moving modes. 

We plot the absolute values of \ipQ a ^ l ~ T \ of the 
i = T component of the wave function of the 
Nambu-Goldstone fermions a = I, II, III in Fig. [l| 
We can see that Nambu-Goldstone fermions have 
wave functions which extend to infinity along 
three walls. They become identical to fermion 
zero modes on at least two of the walls asymptot- 
ically and hence they are not localized around the 
center of the junction. We can construct a linear 
combination of the Nambu-Goldstone fermions to 
have no support along one out of the three walls. 
However, no linear combination of these Nambu- 
Goldstone fermions can be formed which does 
not have support extended along any of the wall. 
Therefore these wave functions are not localized 
and are not normalizable. This fact means that 
the low energy dynamics of BPS junction cannot 
be described by a 1 + 1 dimensional effective field 
theory with a discrete particle spectrum. 

Similarly the Nambu-Goldstone bosons corre- 
sponding to the broken translation P a ,a = 1,2 
are given by 



These two bosonic massless modes consist of 
two left-moving modes and two right-moving 
modes. On the other hand, we have seen already 
that there are two left-moving massless Nambu- 
Goldstone fermions and one right-moving mass- 
less Nambu-Goldstone fermion. These two left- 
moving Nambu-Goldstone bosons and fermions 
form two doublets of the (1, 0) supersymmetry al- 
gebra. The right-moving modes are asymmetric 
in bosons and fermions: two Nambu-Goldstone 
bosons and a single Nambu-Goldstone fermion. 
These three states are all singlets of the (1,0) 
supersymmetry algebra in accordance with our 
analysis in sect. 2.3. Therefore we obtained a chi- 



ral structure of Nambu-Goldstone fermions on the 
junction background configuration. 





Figure 1. The bird's eye view of the absolute 
value of the i — T component of the wave func- 
tions of the Nambu-Goldstone fermions on the 
junction in the (x 1 ,^ 2 ) space 



A { *\x\x 2 ) =d a Ai l (x\x 2 ), a=l,2. (55) 
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3.3. Non-normalizability of the Nambu- 
Goldstone fermions 

We would like to argue that our observation is a 
generic feature of the Nambu-Goldstone fermions 
on the domain wall junction in a flat space in the 
bulk: Nambu-Goldstone fermions are not local- 
ized at the junction and hence are not normaliz- 
able, if they are associated with the supersymme- 
try breaking due to the coexistence of nonparallel 
domain walls. The following observation is be- 
hind this assertion. A single domain wall breaks 
only a half of supercharges. Nonparallel wall also 
breaks half of supercharges, some of which may be 
linear combinations of the supercharges already 
broken by the first wall. If the junction config- 
uration is a 1/4 BPS state, linearly independent 
ones among these two sets of broken supercharges 
of nonparallel walls become I of the original su- 
percharges. 

To see in more detail, let us first note that 
the junction configuration reduces asymptoti- 
cally to a wall if one goes along the wall, 
say the wall 1. Let us denote the number 
of original supercharges to be N. On the 
first wall, a half of the original supersymme- 
try • • ,Q {N) ) is broken. We call these 

broken supercharges as • ■ ■ , Q^ N ^ 2 \ Conse- 
quently we have Nambu-Goldstone fermions lo- 
calized around the core of the wall and is con- 
stant along the wall. In the junction configura- 
tion, we have other walls which are not parallel 
to the first wall. Asymptotically far away along 
one of such walls, say wall 2, another half of the 
supersymmetry Q ltyl \ ■ ■ ■ , Q'^ N / 2 ^ is broken. If 
the junction is a 1/4 BPS state, a half of these, 
say Q'^\ ■ ■ ■ , Q'( N / 4 \ is a linear combination of 
Q (1) ,---,Q (Ar/2) broken already on the wall 1. 
The other half, Q'^~ +1 \ • • • , Q'^~^ are unbroken 
on the wall 1. Altogether a quarter of the origi- 
nal supercharges remain unbroken. Consequently 
the Nambu-Goldstone fermions corresponding to 
Q'( l \ • • • , Q ltyN /^ have a wave function which ex- 
tends to infinity and approaches a constant profile 
along both the walls 1 and 2. Those modes cor- 
responding to Q'(~ +1 \ ■ ■ ■ , Q' < -~- ) have support 
only along the wall 2, and those corresponding 
to the linear combinations of ■ • • , Q^ 2 ' or- 
thogonal to Q'^\ • • • , Q'( N / 4 ^ have support only 



along the wall 1. Thus we find that any linear 
combinations of the Nambu-Goldstone fermions 
have to be infinitely extended along at least one of 
the walls which form the junction configuration. 
Therefore the Nambu-Goldstone fermions associ- 
ated with the coexistence of nonparallel domain 
walls are not localized at the junction and are not 
normalizable. 

In our exact solution, domain wall junction 
configuration reduces asymptotically to the wall 
1 at x 2 — > — oo with fixed x . On the wall, only 
two supercharges in Eqs.(Mq)- (J50j) are broken 



Qi = 4s(e W4 Q 2 + e- 
v2 

Qn=^=(e~ i ^ i Q 1 + , 



in I A 



Q 2 



jtt/4 



Qi), 



(56) 



(57) 



and there are two corresponding Nambu- 
Goldstone fermions which become domain wall 
zero modes asymptotically 



4 ] \x\x 2 ) 



idzAl^x^x 2 ^-™/ 4 







(58) 



2diA™ all (a; 1 )e-" r / 4 


Wi n) V>* 2 ) = ( 2d 1 Al l (x 1 ,x 2 )e"/ 4 



2d 1 A™ al \x 1 )e i ' n l A 



(59) 



These wave functions are localized on the core of 
the wall 1 in the x 1 direction and are constant 
along the wall. Along the other walls we find 
two broken supercharges one of which is identical 
to one of the broken supercharges, Qj. The other 
broken supercharge is Q' n on the wall 2 and Q"j on 
the wall 3. There are only two independent super- 
charges among Qu, Q' u , and Qjj. Together with 
Qi we obtain three independent broken super- 
charges. We can construct a linear combination 
of the Nambu-Goldstone fermions to have no sup- 
port along one out of the three walls. However, 
any linear combination has nonvanishing wave 
function which becomes fermion zero mode on at 
least one of the wall asymptotically. Therefore 
the associated Nambu-Goldstone fermions have 
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support which is infinitely extended at least along 
two of the walls. 

If a single wall is present, we can explicitly con- 
struct a plane wave solution propagating along 
the wall, which may be called a spin wave and 
is among massive modes on the wall background. 
Even if there are several walls forming a junction 
configuration, we can consider excitation modes 
which reduce to the spin wave modes along each 
wall. They should be a massive mode on the 
domain wall junction background. The Nambu- 
Goldstone mode on the domain wall junction is 
the zero wave number limit of such a spin wave 
mode. This physical consideration suggests that 
the massless Nambu-Goldstone fermion is pre- 
cisely the vanishing wave number (along the wall) 
limit of the massive spin wave mode. 

Let us note that our argument does not apply 
to models with the bulk cosmological constant. In 
such models, massless graviton is localized on the 
background of intersection of walls |jl5f . In that 
case, massless mode is a distinct mode different 
from the massless limit of the massive continuum, 
although the massless mode is buried at the tip 
of the continuum of massive modes. The normal- 
izability of the massless graviton is guaranteed by 
the Anti de Sitter geometry away from the junc- 
tion or intersection including the direction along 
the wall. 

3.4. Negative contribution of central cha- 
rge Y3 to junction mass 

Next we discuss the sign of the contribution of 
the central charge Y 3 to the mass of the junction 
configuration. We can use the Stokes theorem to 
obtain an expression for the central charge I3 as 
a contour integral P]],|| 

Y 3 = Jdx 3 i Jd 2 x [ft (KidaA*) - d 2 (Ki&iA*)] 

= J dx 3 i I KidA\ (60) 

where K% = dKj dA l is a derivative of the Kahler 
potential K. This contour integral in the field 
space should be done as a map from a counter- 
clockwise contour in the infinity of z — x 1 + ix 2 
plane. Only complex fields can contribute to Y3. 
Let us assume for simplicity that there is only one 



field which can contribute to Y 3 as in our exact 
solution. 

Eq.(|60|) shows that the central charge Y3 be- 
comes negative (positive), if the asymptotic coun- 
terclockwise contour in x , x is mapped into 
a counterclockwise (clockwise) contour in field 
space. On the other hand, the sign of the con- 
tribution of the central charge I3 to the mass of 
the junction configurtion is determined by the for- 
mula, H = H11 = \(iZi - Z 2 )\ + (Y 3 ) or H = 
Hj = \{-iZi - Z 2 )\- (Y s ). The choice of these 
mass formulas are in turn deterined by the map of 
the asymptotic counterclockwise contour in x , x 2 
space to a counterclockwise or clockwise contour 
in the superpotential space W. Combining these 
two observations, we conclude that the contribu- 
tion of the central charge Y3 to the mass of the 
junction configuration is negative if the sign of 
rotations is the same in field space A 1 and in su- 
perpotential space W, and positive if the sign of 
rotations is opposite. 

The field configuration moves counterclockwise 
in field space in our exact solution in ( ^3|) and 
then the central charge is negative in this solu- 
tion. Since the exact solution satisfies the BPS 
equation for the case H = Hjj, the central charge 
contributes to the mass of the junction configura- 
tion negatively. Therefore we should not consider 
the central charge I3 alone as the physical mass of 
the junction at the center. In the junction con- 
figuration, the junction at the center cannot be 
separated from the walls. We also can find a so- 
lution for the other case of H = Hi in our model. 
The solution is just a configuration obtained by a 
reflection x 1 — > —x . Then the central charge is 
positive, but the contribution to the mass H = H\ 
becomes again negative. In either solution, the 
rotation in field T space has the same sign as the 
rotation in superpotential W space. Therefore 
central charge Y3 contributes negatively to the 
mass of the junction, irrespective of the choice of 
H = Hi or H = H n . 

More recently this feature of negative contribu- 
tion of I3 to the junction mass is studied from a 
different viewpoint and it is argued that this fea- 
ture is valid in most situations except possibly in 
contrived models 
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4. Summary 

1. We have obtained an exact solution of do- 
main wall junction in a four-dimensional 
N = 1 SUSY U(l) x [7(1)' gauge theory. 
The model has three pairs of chiral super- 
fields and is motivated by the Af = 2 SU (2) 
gauge theory with one flavor perturbed by 
an adjoint scalar mass. 

2. Mode functions are defined and are shown 
to appear in a boson-fermion pair of identi- 
cal mass for massive modes. 

3. Nambu-Goldstone fermions exhibit a chiral 
structure in accordance with (1,0) super- 
symmetry. 

4. Nambu-Goldstone fermions are not normal- 
izable. The domain wall junction configu- 
ration preserves only 1/4 of the original su- 
percharges, but modes on the junction does 
not reduce to a 1 + 1 dimensional field the- 
ory with a discrete mass spectrum even for 
massless modes. 

5. We find that the new central charge Yj, 
associated with the junction gives a nega- 
tive contribution to the mass of the domain 
wall junction, whereas the central charge 
gives a dominant positive contribution. One 
has to be cautious to identify the central 
charge Yf. alone as the mass of the junction. 
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